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We obtain an explicit expression for the defining relation of the deformed WN algebra,
DWA(ŝlN)q,t. Using this expression we can show that, in the q → 1 limit, DWA(ŝlN)q,t
with t = e−
2pii
N q
k+N
N reduces to the slN -version of the Lepowsky-Wilson’s Z-algebra of
level k, ZA(ŝlN)k . In other words DWA(ŝlN)q,t with t = e
− 2pii
N q
k+N
N can be considered
as a q-deformation of ZA(ŝlN)k .
In the appendix given by H. Awata, S. Odake and J. Shiraishi, we present an inter-
esting relation between DWA(ŝlN)q,t and ζ-function regularization.
1. Introduction
One of our motivation for study of elliptic algebras (deformed Virasoro and W
algebras, elliptic quantum groups, etc.) is to clarify the symmetry of massive in-
tegrable models. Massive integrable models includes quantum field theories with
mass scale and solvable statistical lattice models. Typical examples of the latter
are models based on sl2: Andrews-Baxter-Forester (ABF) model and Baxter’s eight
vertex model. About these models we know the following:1
model ABF(III) 8 vertex
Boltzmann weight face type vertex type
algebra
Bq,λ(ŝl2) Aq,p(ŝl2)(B ⊗ {P, eQ} = Uq,p(ŝl2))
gradation
homogeneous gradation principal gradation(energy level of HC)
space of states irr. rep. space of DVA irr. rep. space of Aq,p(ŝl2)
free field direct indirect
realization (construction of VO) (map to ABF)
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In order to obtain more direct free field realization of the eight vertex model and
its higher rank generalization, it may be useful to study (deformed) current algebras
of slN in principal gradation. Motivated by this, Hara et.al
2 studied free field real-
ization of the Lepowsky-Wilson’s Z-algebra3 and found some relation between the
deformed Virasoro algebra (DVA) and Z-algebra. Recently Shiraishi constructed
a direct free field realization of the eight vertex model with a specific parameter
p = q3, where the type II vertex operator is given by the DVA current.4
In this article we extend the relation between DVA and Z-algebra to the higher
rank case. In section 2 we present an explicit expression for the defining relation
of the deformed WN algebra. This is a main result of this article. In section 3, by
using this explicit expression, we show that the deformed WN algebra reduces to
the slN -version of the Lepowsky-Wilson’s Z-algebra in some limit. In the appendix
given by Awata, Odake and Shiraishi, we present an interesting relation between
the deformed WN algebra and ζ-function regularization.
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2. Deformed WN Algebra
2.1. Definition
Let us recall the definition of the deformed WN algebra, DWA(ŝlN)q,t .
6,7 It is
defined through a free field realization. This algebra has two parameters(q and t),
and we set t = qβ and p = qt−1. Let us introduce fundamental bosons hin (n ∈ Z ;
i = 1, · · · , N ; ∑Ni=1 pinhin = 0) which satisfy
[hin, h
j
m] = −
1
n
(1 − qn)(1− t−n)1 − p
(Nδi,j−1)n
1− pNn p
Nnθ(i<j)δn+m,0, (1)
where θ(P ) = 1 or 0 if the proposition P is true or false, respectively. Exponentiated
boson Λi(z) (i = 1, · · · , N) is defined by
Λi(z) = : exp
(∑
n6=0
hinz
−n
)
: q
√
βhi0p
N+1
2 −i. (2)
Here : ∗ : stands for the usual normal ordering for bosons, i.e., hin with n ≥ 0
are in the right. By using this Λi(z), DWA(ŝlN)q,t current W
i(z) =
∑
n∈ZW
i
nz
−n
(i = 1, · · · , N − 1) is given by
W i(z) =
∑
1≤j1<j2<···<ji≤N
:Λj1(p
i−1
2 z)Λj2(p
i−3
2 z) · · ·Λji(p−
i−1
2 z) : , (3)
and we set W 0(z) =WN (z) = 1. (Remark that Λi(z) corresponds to the weight of
vector representation of slN and W
i(z) corresponds to the i-th rank antisymmetric
tensor representation.) DWA(ŝlN)q,t is defined as an associative algebra over C
generated by W in.
a
a It is also defined as a commutant of the screening currents.6,8
Comments on the Deformed WN Algebra 3
The highest weight state |λ〉 is characterized byW in|λ〉 = 0 (n > 0) andW i0|λ〉 =
wi(λ)|λ〉 (wi(λ) ∈ C), and the highest weight representation space is obtained by
successive action of W i−n (n > 0).
Since DWA(ŝlN)q,t has two parameters(q and t), we can take its various limit
by relating q and t. In the following limitb
Limit I :
{
q = e~ , ~→ 0
t = qβ , β : fixed (α0 =
√
β − 1√
β
) ,
(4)
DWA(ŝlN)q,t reduces to the WN algebra with the Virasoro central charge c = (N −
1)(1−N(N +1)α20) because the q-Miura transformation of DWA(ŝlN) becomes the
Miura transformation of WN algebra. Each DWA current W
i(z), however, reduces
to some linear combination of WN currents.
2.2. Relation
In order to write down relations between DWA currents, we define the delta function
δ(z) =
∑
n∈Z z
n and the structure function f i,j(z) =
∑
ℓ≥0 f
i,j
ℓ z
ℓ (1 ≤ i, j ≤ N−1),
f i,j(z) = exp
(∑
n>0
1
n
(1−qn)(1−t−n)1− p
min(i,j)n
1− pn
1− p(N−max(i,j))n
1− pNn p
|i−j|
2 nzn
)
.(5)
It has been expected that DWA currents satisfy quadratic relations, f i,j( z2
z1
)W i(z1)
W j(z2) −W j(z2)W i(z1)f j,i( z1z2 ) = (terms containing delta function), in mode ex-
pansion it becomes
[W in,W
j
m] = −
∑
ℓ≥1
f
i,j
ℓ
(
W in−ℓW
j
m+ℓ −W jm−ℓW in+ℓ
)
+(contribution from the terms containing delta function). (6)
For i = 1 and j ≥ 1 case, the relation is6,7
f1,j( z2
z1
)W 1(z1)W
j(z2)−W j(z2)W 1(z1)f j,1( z1z2 ) (j ≥ 1)
= − (1− q)(1 − t
−1)
1− p
(
δ(p
j+1
2 z2
z1
)W j+1(p
1
2 z2)− δ(p−
j+1
2 z2
z1
)W j+1(p−
1
2 z2)
)
, (7)
and for i = 2 and j ≥ 2 case, the relation is7
f2,j( z2
z1
)W 2(z1)W
j(z2)−W j(z2)W 2(z1)f j,2( z1z2 ) (j ≥ 2)
= − (1− q)(1− t
−1)
1− p
(1− qp)(1− t−1p)
(1− p)(1− p2)
×
(
δ(p
j
2+1 z2
z1
)W j+2(pz2)− δ(p−
j
2−1 z2
z1
)W j+2(p−1z2)
)
− (1− q)(1− t
−1)
1− p
(
δ(p
j
2 z2
z1
)◦◦W
1(p−
1
2 z1)W
j+1(p
1
2 z2)
◦
◦
b Usually we call this limit as a conformal limit. However there are many other limits in which
the resultant algebras are related to conformal field theory.
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−δ(p− j2 z2
z1
)◦◦W
1(p
1
2 z1)W
j+1(p−
1
2 z2)
◦
◦
)
+
(1− q)2(1 − t−1)2
(1− p)2
(
δ(p
j
2 z2
z1
)
( p2
1− p2W
j+2(pz2) +
1
1− pjW
j+2(z2)
)
(8)
−δ(p− j2 z2
z1
)
( pj
1− pjW
j+2(z2) +
1
1− p2W
j+2(p−1z2)
))
.
Here a normal ordering for currents ◦◦ ∗ ◦◦ is defined by
◦
◦W
i(rz)W j(z)◦◦
=
∮
dz′
2piiz′
(
1
1− rz
z′
f i,j( z
z′
)W i(z′)W j(z) +
z′
rz
1− z′
rz
W j(z)W i(z′)f j,i( z
′
z
)
)
=
∑
n∈Z
∞∑
m=0
m∑
ℓ=0
f
i,j
ℓ
(
rm−ℓW i−mW
j
n+m + r
ℓ−m−1W jn−m−1W
i
m+1
)
· z−n, (9)
where 11−z stands for
∑
n≥0 z
n. Due to this normal ordering, infinite sums in the
RHS of (6) become finite sums on the highest weight representation space.
Eqs.(7) and (8) are directly calculated by using the commutation relation of hin.
In principle, we can continue this calculation for i ≥ 3 cases, but in practice it is
hopeless. So we use another method: fusion and induction. To write down general
formula, we extend the range(0 ≤ i ≤ N) of W i(z) and that(1 ≤ i, j ≤ N − 1) of
f i,j(z) to i ∈ Z and i, j ∈ Z respectively ; W i(z) = 0 for i < 0 or i > N , and f i,j(z)
is given by (5) for all i, j ∈ Z.
Explicit expression of the defining relation of DWA(ŝlN)q,t is as follows:
f i,j( z2
z1
)W i(z1)W
j(z2)−W j(z2)W i(z1)f j,i( z1z2 ) (0 ≤ i ≤ j ≤ N)
= − (1− q)(1 − t
−1)
1− p
i∑
k=1
k−1∏
l=1
γ(pl+
1
2 )
×
(
δ(p
j−i
2 +k z2
z1
)f i−k,j+k(p−
j−i
2 )W i−k(p−
k
2 z1)W
j+k(p
k
2 z2)
−δ(p−( j−i2 +k) z2
z1
)f i−k,j+k(p
j−i
2 )W i−k(p
k
2 z1)W
j+k(p−
k
2 z2)
)
, (10)
where γ(p
1
2 z) =
(1− qz)(1− t−1z)
(1− z)(1− pz) . We can rewrite the RHS of this relation in
terms of the normal ordering ◦◦ ∗ ◦◦ by repeated use of the following formula, which
is obtained from (9) and (10),
f i,j(r−1)W i(rz)W j(z) (0 ≤ i ≤ j ≤ N)
= ◦◦W
i(rz)W j(z)◦◦ +
(1− q)(1 − t−1)
1− p
i∑
k=1
k−1∏
l=1
γ(pl+
1
2 )
×
(
1
1− rp−( j−i2 +k)
f i−k,j+k(p−
j−i
2 )W i−k(p
j−i+k
2 z)W j+k(p
k
2 z)
− 1
1− rp j−i2 +k
f i−k,j+k(p
j−i
2 )W i−k(p−
j−i+k
2 z)W j+k(p−
k
2 z)
)
, (11)
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where r ∈ C is a “good” number (such that it does not give poles, see (15)). For
example, (8) is easily recovered by (10) with i = 2 and (11) with i = 1.
In order to prove (10) we present some formulas. Direct calculation shows
f1,j(p±
i+1
2 z)f i,j(z) = f i+1,j(p±
1
2 z)×
{
1 i < j
γ(p±
i−j+1
2 z) i ≥ j (j ≥ 1), (12)
f1,i(p±(
j−i
2 +k)z)f1,j(z) = f1,i−k(p±
j−i+k
2 z)f1,j+k(p±
k
2 z)
(i, j, i− k, j + k ≥ 1), (13)
f1,i(p±
j+i
2 z)f1,j(z) = f1,j+i(p±
i
2 z)γ(p±
j
2 z) (i, j ≥ 1), (14)
and fa,b in the RHS of (10) is regular. By computing 〈λ|f i,j( z2
z1
)W i(z1)W
j(z2)|λ〉
in the free field realization, we can show that (10) implies
Poles of f i,j( z2
z1
)W i(z1)W
j(z2) (0 ≤ i ≤ j ≤ N) are
z2
z1
= p±(
j−i
2 +k) (1 ≤ k ≤ min(i, N − j)), (15)
because 〈λ|f i,j( z2
z1
)W i(z1)W
j(z2)|λ〉 is a Taylor series in z2z1 , and for any states of
the highest weight representation space, |ψ〉 and |φ〉, 〈ψ|f i,j( z2
z1
)W i(z1)W
j(z2)|φ〉
differs from 〈λ|f i,j( z2
z1
)W i(z1)W
j(z2)|λ〉 only for finite number of terms(Laurant
polynomials in z1 and z2), which do not create other poles. (See also Appendix C
of ref.9 where different notation is used.) Therefore fa,bW aW b in the RHS of (10)
is regular and we can reverse its order, fa,b(pc)W aW b = f b,a(p−c)W bW a. From
(7) (or by using the free field realization), we have the following fusion relation
lim
z1→p±
j+1
2 z2
(
1− p± j+12 z2
z1
)
f1,j( z2
z1
)W 1(z1)W
j(z2)
= ∓ (1− q)(1− t
−1)
1− p W
j+1(p±
1
2 z2) (1 ≤ j ≤ N), (16)
and if (10) is correct, (10) implies
lim
z2→p∓
j+i
2 z1
(
1− p∓ j+i2 z1
z2
)
f j,i( z1
z2
)W j(z2)W
i(z1)
= ± (1− q)(1 − t
−1)
1− p
i−1∏
l=1
γ(pl+
1
2 ) ·W j+i(p∓ j2 z1) (0 ≤ i ≤ j ≤ N). (17)
Proof of (10) : (i) The case i = 0 and i ≤ ∀j ≤ N , and the case j = N
and 0 ≤ ∀i ≤ j are trivial. (ii) The case i = 1 and i ≤ ∀j ≤ N , i.e. (7), is
already proved. (iii) Let us assume (10) holds for i(< N) and i ≤ ∀j ≤ N . We
will show (10) holds for i + 1 and i + 1 ≤ ∀j ≤ N . (For i = N − 1, we have
i + 1 = N ≤ j = N . Therefore it is sufficient to consider i < N − 1 and j <
N .) Multiply f1,i( z1
z3
)f1,j( z2
z3
)W 1(z3) from left to (10) with i ≥ 1 (whose second
fa,b(pc)W aW b term in the RHS is replaced by reversed order one f b,a(p−c)W bW a),
rewrite f1,j( z2
z3
)W 1(z3)W
j(z2) = f
j,1( z3
z2
)W j(z2)W
1(z3)+· · · by using (7), multiply
1−p
(1−q)(1−t−1) (1− p−
i+1
2
z2
z1
), and take a limit z3 → p− i+12 z1. By using (12)–(16) and
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(17) (with j → j +1), studying poles carefully and replacing z1 → p 12 z1, we obtain
(10) with i → i + 1 (2 ≤ i + 1 ≤ j < N). (iv) Therefore we have proved (10) by
induction on i.
3. Relation to Z-Algebra
Affine Lie algebra ŝlN is an associative algebra over C with the Chevally generators,
e±i and hi (i = 0, 1, · · · , N − 1), which satisfy
[hi, hj ] = 0, [hi, e
±
j ] = ±aije±j , [e+i , e−j ] = δijhi, (18)
and the Serre relation (ad e±i )
1−aij e±j = 0 (i 6= j), where (aij)0≤i,j≤N−1 is the
Cartan matrix of A
(1)
N−1 Dynkin diagram.
10 This algebra admits various gradations
and we denote its grading operator as d and ρ for the homogeneous and principal
gradation respectively, which satisfy
homogeneous gradation : [d, e±i ] = ±e±i δi0,
principal gradation : [ρ, e±i ] = ±e±i .
(19)
In current basis ŝlN is given as follows:
homogeneous gradation
generators : Hin, E
±,i
n (n ∈ Z, 1 ≤ i ≤ N − 1), k : center, d : grading operator.
relations :
[Hin, H
j
m] = ka¯ijnδn+m,0, [H
i
n, E
±,j
m ] = ±a¯ijE±,jn+m,
[E+,in , E
−,j
m ] = δ
ij(Hin+m + knδn+m,0), [d,Xn] = nXn (X = H
i, E±,i) ,(20)
and [E±,in , E
±,j
m ] = [E
±,i
n−1, E
±,j
m+1] and the Serre relations which we omit to write
explicitly, where (a¯ij)1≤i,j≤N−1 is the Cartan matrix of AN−1 Dynkin diagram.
principal gradation Let us set ω = e
2pii
N . Symbol ≡ stands for ≡ (mod N).
generators : βn (n ∈ Z, n 6≡ 0), x(µ)n (n ∈ Z, 1 ≤ µ ≤ N − 1, µ is understood as
mod N), k : center, ρ : grading operator.
relations :
[βn, βm] = knδn+m,0 (n,m 6≡ 0) , [βn, x(ν)m ] = (1− ω−νn)x(ν)n+m ,
[x(µ)n , x
(ν)
m ] =
{
(ω−µm − ω−νn)x(µ+ν)n+m (µ+ ν 6≡ 0)
(ω−µm − ω−νn)βn+m + knωµnδn+m,0 (µ+ ν ≡ 0) ,
(21)
[ρ,Xn] = Xn (X = β, x
(µ)) ,
and the Serre relations.
Since these two current basis are basis of the same Lie algebra ŝlN , they are related
by linear transformation,
βNm+ν =
N−ν∑
i=1
Ei,i+νm +
N∑
i=N−ν+1
E
i,i+ν−N
m+1 ,
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x
(µ)
Nm+ν =
N−ν∑
i=1
ωµ(i+ν−1)Ei,i+νm +
N∑
i=N−ν+1
ωµ(i+ν−1)Ei,i+ν−Nm+1 , (22)
x
(µ)
Nm =
N−1∑
i=1
1− ωµi
1− ωµ H
i
m −
k
1− ωµ δm,0,
where m ∈ Z and 1 ≤ µ, ν ≤ N−1. Here, for simplicity of the presentation, we have
introduced ĝlN generators E
i,j
n (n ∈ Z, 1 ≤ i, j ≤ N), which satisfy [Ei,jn , Ei
′,j′
m ] =
δji
′
E
i,j′
n+m − δij
′
E
i′,j
n+m + δ
ij′δji
′
knδn+m,0, and the generators in the homogeneous
picture are expressed as E+,in = E
i,i+1
n , E
−,i
n = E
i+1,i
n and H
i
n = E
i,i
n − Ei+1,i+1n .
We remark Ei,jn = [E
i,l
m , E
l,j
n−m] (i 6= j) and this RHS is independent on l and m.
Next let us consider the splitting of the Cartan part:
( ŝlN generator) = (exponential of Cartan generators)× (new generator), (23)
where new generator commutes with Cartan generators. For homogeneous grada-
tion, the algebra generated by these new generators is known as the (slN version of)
parafermion algebra of level k. For principal gradation, we name it as (slN -version
of) Z algebra of level k, ZA(ŝlN)k. (N = 2 case was studied by Lepowsky and
Wilson.3) Explicitly the generators of ZA(ŝlN)k, z
µ
n (n ∈ Z, 1 ≤ µ ≤ N − 1, µ is
understood as mod N), are obtained by
x(µ)(ζ) = : exp
(
− 1
k
∑
n6≡0
1
n
(1 − ωµn)βnζ−n
)
: zµ(ζ), (24)
where : ∗ : stands for the normal ordering for boson βn and we have introduced
currents x(µ)(ζ) =
∑
n∈Z x
(µ)
n ζ
−n and zµ(ζ) =
∑
n∈Z z
µ
nζ
−n. Then (21) implies the
relation of ZA(ŝlN)k,
gµ,ν( ζ2
ζ1
)zµ(ζ1)z
ν(ζ2)− zν(ζ2)zµ(ζ1)gν,µ( ζ1ζ2 )
=
{
δ(ωµ ζ2
ζ1
)zµ+ν(ωµζ2)− δ(ω−ν ζ2ζ1 )zµ+ν(ζ2) (µ+ ν 6≡ 0)
kDδ(ωµ ζ2
ζ1
) (µ+ ν ≡ 0) , (25)
where D = ζ d
dζ
, Dδ(ζ) =
∑
n∈Z nζ
n and the structure function gµ,ν(ζ) is given by
gµ,ν(ζ) = exp
(
− 1
k
∑
n>0
n 6≡0
1
n
(1− ωµn)(1− ω−νn)ζn
)
. (26)
Next we present an interesting relation between DWA(ŝlN)q,t and ZA(ŝlN)k. Let
us consider the following limitc:
Limit II :
{
q = e~ , ~→ 0
t = ω−1q
k+N
N , k : fixed .
(27)
c For this choice of t = ω−1q
k+N
N , we cannot take Limit I because β = k+N
N
− 2pii
N~
depends on ~.
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We assume that DWA currents W i(z) have the ~-expansion
W i(p
1−i
2 ζ) = ~ω
i
2 zi(ζ) +O(~2). (28)
Then, under the Limit II, we can show that the relation of DWA(ŝlN)q,t (10) reduces
to that of ZA(ŝlN)k (25). (Eq.(10) begins from ~
2 term and its coefficient is (25).
We remark that in this derivation we do not use free field realization at all.) In
other words, DWA(ŝlN)q,t with t = ω
−1q
k+N
N can be considered as a q-deformation
of ZA(ŝlN)k, which we denote as DZA(ŝlN)k,
DZA(ŝlN)k = DWA(ŝlN)
q,t=ω−1q
k+N
N
. (29)
Concerning the free field realization, however, our assumption (28) does not hold
on the Fock space except for N = 2 case. But calculation of some correlation func-
tions supports the assumption (28); We have checked 〈λ|W 1(ζ1) · · ·W 1(ζn)|λ〉 =
O(~n) for n ≤ 6. We guess that the assumption (28) holds on the level of correla-
tion functions, or, on the irreducible representation space obtained by taking some
BRST cohomology. For N = 2 case, (28) holds on the Fock space, and screening
currents and vertex operators of DVA (after some modification of zero mode) reduce
to those of ZA.
Finally we mention the character of DZA(ŝl2)k for k ∈ Z≥2, i.e. that of DVAq,t =
DWA(ŝl2)q,t with t = e
−πiq
k+2
2 . We write W 1(ζ) and w1(λ) as T (ζ) and λ respec-
tively, e.g., the highest weight state is defined by Tn|λ〉 = λ|λ〉δn0 (n ≥ 0). Since
degenerate representations of DVA occur at λ = λr,s = t
r
2 q−
s
2 + t−
r
2 q
s
2 ,1 let us
consider λ = λ1,j+ k+22
(j = −k2 ,−k2 +1, · · · , k2 ) representations. Grading operator ρ
satisfies [ρ, Tn] = nTn and −ρ|λ〉 =
(
2j2+k
4(k+2)− 18
)|λ〉. The character of DZA is defined
by χDZAj (τ) = tr y
−ρ where y = e2πiτ and the trace is taken over irreducible DZA
spin j representation space. Shiraishi and present author conjecturedd
χDZAj (τ) = y
2j2+k
4(k+2)− 18 1
(y; y)∞
∑
m∈Z
(−1)mym(j+ k+22 m) = y 2j
2+k
4(k+2)− 18χ(2,k+2)
1,j+ k+22
(τ). (30)
Here χ
(p′,p′′)
r,s (τ) is the Rocha-Caridi character formula1
χ(p
′,p′′)
r,s (τ) =
1
(y; y)∞
∑
m∈Z
(
y(p
′′r−p′s+mp′p′′)m − y(r+mp′)(s+mp′′)
)
, (31)
which gives the character of the Virasoro minimal representation when p′ and p′′
are coprime, (p′, p′′) = 1. In the above case, p′ = 2 and p′′ = k + 2 imply that
(p′, p′′) = 1 for odd k but (p′, p′′) = 2 for even k. When q is not a root of unity, by
studying the Kac determinant of DVA1, we can check that (30) is true. We remark
that the character of DZA(ŝl2)k, χ
DZA
j , coincides with that of ZA(ŝl2)k which is
obtained by using the result of ref.11, BRST structure of principal ŝl2.
d We remark that this character appears in the calculation of the one-point local height probability
of the Kashiwara-Miwa model ( M. Jimbo, T. Miwa and M. Okado, Nucl. Phys. B275[FS17]
(1986) 517-545 ).
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Appendix A. DWA(ŝlN)q,t and ζ-function regularization
(by H. Awata, S. Odake and J. Shiraishi)
In this appendix we present an interesting relation between DWA(ŝlN)q,t and ζ-
function regularization.5
In string theory12, the physical state condition is given by (L0 − 1)|phys〉 = 0
(and its antichiral counterpart), where L0 is the zero mode of the Virasoro gen-
erator. This condition and the space-time dimension are derived by careful study
of string theory (Lotentz invariance in the light-cone gauge, nilpotency of BRST
charge, etc.), but there is a shortcut method, ζ function regularization method.
First we illustrate this method by taking a bosonic string theory as an example.
In the light-cone gauge the Virasoro generator Ln is given by Ln =
∑24
i=1
∑
m∈Z
1
2 :
αin−mα
i
m : where α
i
n (n ∈ Z, i = 1, · · · , 24) satisfies [αin, αjm] = nδijδn+m,0 and : ∗ :
stands for the normal ordering. The Virasoro zero mode without the normal order-
ing is LnoNO0 =
∑24
i=1
∑
n∈Z
1
2α
i
−nα
i
n =
∑24
i=1
∑
n∈Z
1
2 : α
i
−nα
i
n : +12“
∑
n>0 n”. Of
course the sum “
∑
n>0 n” is divergent and this expression is meaningless. But we
replace the sum “
∑
n>0 n” by ζ(−1), where ζ(z) is the Riemann ζ function. Then
the above physical state condition is equivalent to the condition that the Virasoro
zero mode without the normal ordering annihilates the physical state:
LnoNO0 |phys〉 = 0, LnoNO0 = L0 + 12ζ(−1), (A.1)
because of the value ζ(−1) = − 112 . We might say that the Virasoro generator
“knows” the value ζ(−1).
Next let us mimic the above procedure for DWA(ŝlN)q,t case. DWA current with-
out the normal ordering becomes W i noNO(z) = “f i,i(1)−
1
2 ”W i(z), where “f i,i(1)”
is divergent for generic β (recall t = qβ and q = e~). Let ai2m be coefficients
of the following ~-expansion (1− qn)(1− t−n)1−pin1−pn 1−p
(N−i)n
1−pNn =
∑
m>0 a
i
2m(n~)
2m.
Then f i,i(z) is f i,i(z) = exp
(∑
n>0
1
n
∑
m>0 a
i
2m(n~)
2mzn
)
. We define ζ-regularized
f
i,i
ζ-reg(1) by exchanging these summations over n and m and replacing
∑
n>0 n
2m−1
with ζ(1 − 2m) as follows:
f
i,i
ζ-reg(1) = exp
(∑
m>0
ai2mζ(1 − 2m)~2m
)
. (A.2)
In the Limit I (4), DWA current behaves as W i(z) =
(
N
i
)
+ O(~2), which can be
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shown by using free field realization.7 So we require that β = N+1
N
or N
N+1 , which
corresponds to the vanishing Virasoro central charge, and the zero mode of the i-th
DWA current without normal ordering takes the above value
(
N
i
)
on the vacuum
state |vac〉, which is characterized by hin|vac〉 = 0 (n ≥ 0, ∀i),
W i noNO0 |vac〉 =
(
N
i
)
|vac〉, W i noNO(z) = f i,iζ-reg(1)−
1
2 W i(z). (A.3)
Since we can show W i0 |vac〉 =
[
N
i
]
|vac〉, this requirement implies
f
i,i
ζ-reg(1)
1
2 =
(
N
i
)−1[
N
i
]
, (A.4)
where
[
N
i
]
= [N ]![i]![N−i]! , [n]! = [n] · · · [1] and [n] = p
n
2 −p−n2
p
1
2−p− 12
. We can check that this
equation really holds by using formulas log(sinhx) = log x+
∑
n>0(−1)n−1 2
2n−1Bn
(2n)!n
x2n (0 < |x| < pi) and ζ(1 − 2m) = (−1)mBm2m (m = 1, 2, · · ·). Here Bn is the
Bernoulli number defined by x
ex−1 +
x
2 = 1 +
∑
n>0(−1)n−1 Bn(2n)!x2n (|x| < 2pi).
Therefore we might say that DWA(ŝlN)q,t (with t = q
N+1
N , q
N
N+1 ) for each N
“knows” all the values ζ(1 − 2m) (m = 1, 2, · · ·).
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